Abstract: Vague graph is a generalized structure of fuzzy graph which gives more precision, flexibility, and compatibility to a system when compared with systems that are designed using fuzzy graphs. In this paper, we introduced the notion of regular, totally regular product vague graphs, and product vague line graph. We proved that under some conditions regular and totally regular product vague graph becomes equivalent. Some properties of product vague line graph are investigated. We showed that a product vague graph is isomorphic to its corresponding product vague line graph under some conditions.
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PUBLIC INTEREST STATEMENT
The theoretical concepts of graphs are highly utilized by computer science applications, especially in research areas of computer science such as data mining, image segmentation, clustering, image capturing, and networking. The vague graphs are more flexible and compatible than fuzzy graphs due to the fact that they have many applications in networks. In this paper, the concept of vague sets is applied to define and study many important properties of regular, totally regular product vague graphs and product vague line graphs.
fuzzy sets. Application of higher order fuzzy sets makes the solution-procedure more complex, but if the complexity on computation-time, computation-volume, or memory-space are not matters of concern, then we can achieve better results. In a fuzzy set, each element is associated with a pointvalue selected from the unit interval [0, 1] , which is termed as the grade of membership in the set. Instead of using point-based membership as in fuzzy sets, interval-based membership is used in a vague set. The interval-based membership in vague sets is more expressive in capturing vagueness of data. There are some interesting features for handling vague data that are unique to vague sets. For example, vague sets allow for a more intuitive graphical representation of vague data, which facilitates significantly better analysis in data relationships, incompleteness, and similarity measures.
Considering the fuzzy relations between fuzzy sets, Rosenfeld (1975) first introduced the concept of fuzzy graphs in 1975 and developed the structure of fuzzy graphs, obtaining analogous of several graph concepts. Ramakrishna (2009) introduced the concept of vague graphs. Akram et al. studied some properties of vague graphs (Akram, Chen, & Shum, 2013) , vague hypergraphs (Akram, Gani, & Saeid, 2014) , regularity in vague intersection graphs (Akram, Dudek, & Yousaf, 2014) , irregular and highly irregular vague graphs (Akram, Feng, Sarwar, & Jun, 2014) , and vague cycles and vague trees (Akram, Feng, Sarwar, & Jun, 2015) . Talebi, Rashmanlou, and Mehdipoor (2013) , Talebi, Mehdipoor, and Rashmanlou (2014) studied isomorphism and operations on vague graphs. Borzooei and Rashmanlou (2015a , 2015b , 2015c , introduced many new concepts of vague graphs. Samanta et al. introduced fuzzy competition graphs (Samanta, Akram, & Pal, 2013; , fuzzy planar graphs , bipolar fuzzy intersection graphs (Samanta & Pal, 2014) , and strength of vague graphs (Samanta, Pal, Rashmanlou, & Borzooei, 2016) . Later on, Ghorai and Pal studied some properties of generalized m-polar fuzzy graphs (2016a), defined operations and density of m-polar fuzzy graphs (2015), introduced m-polar fuzzy planar graphs (2016b), and defined faces and dual of m-polar fuzzy planar graphs (2016c). In this paper, the concept of regular, totally regular product vague graphs, and product vague line graphs are introduced. Necessary and sufficient condition is established under which regular and totally regular product vague graph becomes equivalent and a product vague graph is isomorphic to its corresponding product vague line graph.
Preliminaries
In this section, we point out some basic definitions of graphs. The readers are encouraged to see these references (Balakrishnan, 1997; Harary, 1972; Mordeson & Nair, 2000) for further study. It is worth to mention here that interval-valued fuzzy sets are not vague sets. In interval-valued fuzzy sets, an interval-valued membership value is assigned to each element of the universe considering the "evidence for x" only, without considering "evidence against x". In vague sets both are independently proposed by the decision-maker. This makes a major difference in the judgment about the grade of membership.
A vague relation is a further generalization of a fuzzy relation. 
Definition 2.4 Ramakrishna (2009) A vague relation B on a set V is a vague relation from V to V. If A is a vague set on a set V, then a vague relation B on A is a vague relation which satisfies
We call A the vague vertex set of G and B as the vague edge set of G, respectively.
Regular and totally regular product vague graphs
Throughout the paper, G * represents a crisp graph and G is a product vague graph of G *
. defined the product vague graphs as follows.
Here after we use xy ∈ E to denote (x, y) ∈ E throughout the paper.
is an vague set in V and B = (
Note that, every product vague graph is also a vague graph. Figure 1 .
Example 3.2 Let us consider the graph G
The product vague graph G of Figure 1 is not strong.
Now, we give some examples which show that product vague graphs may be both regular and totally regular, neither totally regular nor regular and totally regular but not regular. In other words, there is no relation between regular and totally regular product vague graphs. First we give an example of a product vague graph which is both regular and totally regular (see Figure 2) .
Example 3.7 Let us consider the graph
Hence, G is both (0.3,0.4)-regular and (0.8,0.8)-totally regular product vague graph. Now, we give an example of a product vague graph which is neither regular nor totally regular (see Figure 3) .
Example 3.8 Let us consider a product vague graph
Hence, G is neither regular nor totally regular product vague graph.
The following example shows that a product vague graph may be totally regular but not regular (see Figure 4) . Similarly, we can give example of a product vague graph which is regular but not totally regular (see Figure 5) .
We now state the following propositions without proof. 
(ii) G is (g 1 , g 2 )-totally regular vague graph.
Proof Let us assume that
We will now show that the statements (i) and (ii) are equivalent.
Hence, G is (r 1 + a 1 , r 2 + a 2 )-totally regular product vague graph.
(ii) ⇒ (i): Let G be a (g 1 , g 2 )-totally regular product vague graph.
Conversely, let (i) and (ii) are equivalent. Suppose A is not constant function. This means there exist at least two vertices
Let G be a (r 1 , r 2 )-regular product vague graph. Then, 
Hence, G is not totally regular which is a contradiction to the assumption that (i) and (ii) are equivalent. Therefore, A must be constant.
In a similar way, we can show that if A is not constant function, then G totally regular does not imply G is regular. ✷ Proposition 3.14 Let G = (V, A, B) be a product vague graph which is both regular and totally regular.
Proof Let G be a (r 1 , r 2 )-regular and (g 1 , g 2 )-totally regular product vague graph. Now,
The converse of the Proposition 3.14 is not true always. For example, consider the product vague graph i.e. k 1 + t B (e 2 ) = r 1 and k 2 + f B (e 2 ) = r 2 , i.e. t B (e 2 ) = r 1 − k 1 and f B (e 2 ) = r 2 − k 2 .
This implies, t B (e 3 ) = r 1 − (r 1 − k 1 ) = k 1 and f B (e 3 ) = r 2 − (r 2 − k 2 ) = k 2 , and so on. for all i = 1, 2, … , 2n + 1. Hence B is constant.
Consequently, G is (2k 1 , 2k 2 )-regular product vague graph. ✷
Product vague line graphs
In this section, we first define a product vague intersection graph of a product vague graph. Finally we define the product vague line graphs.
Definition 4.1 Let P(S) = (S, T) be an intersection graph of a simple graph G * = (V, E). Let G = (V, A, B)
be a product vague graph of G *
. We define a product vague intersection graph P(G) = (A 1 , B 1 ) of P(S) as follows:
(i) A 1 and B 1 are vague subsets of S and T, respectively,
In other words, any product vague graph of P(S) is called a product vague intersection graph.
The following proposition is immediate. A, B) be a product vague graph of G * = (V, E) and P(G) = (A 1 , B 1 ) be a product vague intersection graph of P(S). Then the following holds:
Proposition 4.2 Let G = (V,
(a) P(G) is a product vague graph of P(S),
is a product vague graph we have by Definition 4.1,
Hence, P(G) is a product vague graph.
(b) Let us define a mapping :V → S by (v i ) = S i for i = 1, 2, … , n. Then clearly is one to one mapping of V onto S. Now v i v j ∈ E if and only if S i S j ∈ T and
This proposition shows that any product vague graph is isomorphic to a product vague intersection graph. The product vague line graph of a product vague graph is defined as below. A, B) be a product vague graph of G * (see Figure 7) .
Let A 1 and B 1 be vague subsets of Z and W, respectively. Then we have 
Proof Follows from the Propositions 4.6 and 4.7. ✷ Definition 4.9 Let G 1 = (V 1 , A 1 , B 1 ) and G 2 = (V 2 , A 2 , B 2 ) … be two product vague graphs of the graphs G * 1 = (V 1 , E 1 ) and G * 2 = (V 2 , E 2 ), respectively. A homomorphism between G 1 and G 2 is a mapping
A bijective homomorphism with the property that
A bijective homomorphism with the property that t B 1 (xy) = t B 2 ( (x) (y)) and f B 1 (xy) = f B 2 ( (x) (y)) for all xy ∈ V 2 1 , is called a (weak) line-isomorphism.
If is both (weak) vertex isomorphism and (weak) line-isomorphism, then is called a (weak) isomorphism of G 1 onto G 2 . If G 1 is isomorphic to G 2 , then we write G 1 ≅ G 2 .
Proposition 4.10 Let G 1 = (A 1 , B 1 ) and G 2 = (A 2 , B 2 ) be two product vague graphs of the graphs G Proposition 4.11 Let L(G) = (A 1 , B 1 ) be the product vague line graph corresponding to the product vague graph G = (V, A, B f A ) and B = (t B , f B ) are constant functions on V and E, respectively, taking on the same value.
(ii) If is a weak isomorphism of G onto L(G), then is an isomorphism.
Proof Suppose that is a weak isomorphism of G onto L(G). By Proposition 4.10, is an isomorphism of G * onto L(G * ). By Proposition 4.6, G * is a cycle, (by Harary, 1972) , Theorem 8.2). 
Since is an isomorphism of G * onto L(G * ), maps V one-to-one onto Z. Also preserves adjacency. Hence, induces a permutation of {1, 2, … , n} such that (v i ) = S x (i) = S v (i) v (i+1) and
, i = 1, 2, … , (n − 1).
Now,
for i = 1, 2, … , n. That is, s i ≤ t (i) , ś i ≥t (i) and
By (2), we have t i ≤ t (i) , t i ≥t (i) for i = 1, 2, … , n and so t (i) ≤ t ( (i)) , t (i) ≥t ( (i)) for i = 1, 2, … , n. Continuing, we have (1) t i ≤ s i × s i+1 t i ≥ś i ×ś i+1 , i = 1, 2, … , n.
t i ≥t (i) ×t (i+1) , i = 1, 2, … , n.
and so t i = t (i) , t i =t (i) , i = 1, 2, … , n where j+1 is the identity map. Again by (2), we have t i ≤ t (i+1) = t i+1 , t i ≥t (i+1) =t (i+1) , i = 1, 2, … , n where t n+1 = t n , t n+1 =t n .
Hence by (1) and (2), we have t 1 = … = t n = s 1 = ⋯ s n , t 1 = ⋯ =t n =ś 1 = ⋯ =ś n .
Thus we have not only proved the conclusion about A and B being constant functions, but also we have shown that (ii) holds.
Conversely, suppose that G * is a cycle and for all v ∈ V, x ∈ E, t A (v) = t B (x), f A (v) = f B (x). By Proposition 4.6, L(G * ) is the line graph of G
